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NEURAL CONTROL OF CHAOS AND APLICATIONS 
Cristina Hernández,  Juan Castellanos,  Rafael Gonzalo,  Valentín Palencia 
Abstract: Signal processing is an important topic in technological research today. In the areas of nonlinear 
dynamics search, the endeavor to control or order chaos is an issue that has received increasing attention over 
the last few years. Increasing interest in neural networks composed of simple processing elements (neurons) has 
led to widespread use of such networks to control dynamic systems learning. This paper presents 
backpropagation-based neural network architecture that can be used as a controller to stabilize unsteady periodic 
orbits. It also presents a neural network-based method for transferring the dynamics among attractors, leading to 
more efficient system control. The procedure can be applied to every point of the basin, no matter how far away 
from the attractor they are. Finally, this paper shows how two mixed chaotic signals can be controlled using a 
backpropagation neural network as a filter to separate and control both signals at the same time. The neural 
network provides more effective control, overcoming the problems that arise with control feedback methods.  
Control is more effective because it can be applied to the system at any point, even if it is moving away from the 
target state, which prevents waiting times. Also control can be applied even if there is little information about the 
system and remains stable longer even in the presence of random dynamic noise. 
Keywords: Neural Network, Backpropagation, Chaotic Dynamic Systems, Control Feedback Methods. 
ACM Classification Keywords: F.1.1 Models of Computation: Self-modifying machines (neural networks); 
F.1.2 Modes of Computation: Alternation and nondeterminism; G.1.7 Ordinary Differential Equations: Chaotic 
systems; G.3 Probability and Statistics: Stochastic processes   
Introduction 
In spite of all the achievements of classical physics and mathematics, they have failed to touch upon compete 
areas of the natural world. Mathematicians had managed to specify, at least, some order in the universe, and the 
reasons behind this order, but they were still living in an untidy world.  
Over the last few decades, physicists, astronomers and economists came up with a way of comprehending the 
development of complexity in nature. The new science, called chaos theory, provides a method for observing 
order and rules where once there was only chance, irregularity and, ultimately, chaos. Chaos goes beyond 
traditional scientific disciplines. Being the science of the global nature of systems, it has brought together thinkers 
from far apart fields: biology, weather turbulences, the complicated rhythms of the human heart… 
Nonlinear and chaotic systems are difficult to control because they are unstable and sensitive to initial conditions. 
Two close-by trajectories rapidly diverge in phase space and quickly become uncorrelated. Therefore, forcing a 
system to follow a predetermined orbit is a far from straightforward task. Recently, there have been many 
attempts at controlling nonlinear and chaotic dynamic systems to get desired phase space trajectories. Ott, 
Gregogi and Yorke [Ott 1990] proposed one method: a natural unstable periodic system orbit is stabilized by 
making small time-dependent perturbations of some set of available system parameters. The so-called 
entrainment and migration control methods proposed by Jackson and Hübler are another approach to controlling 
chaos [Hübler 1989]. The generalized formulation described by Jackson [Jackson 1990] is based on the 
existence of some convergent regions in the phase space of a multi-attractor system. In each one of these 
convergent regions, all the close orbits locally converge to each other. Based on this observation and on many 
well-researched examples, Jackson stated that every multi-attractor system has at least one convergent region in 
each basin of attraction. Besides, he described a method for finding such convergent regions. The purpose of the 
so-called migration goal control is to transfer the dynamics of the system from one convergent region to another. 
There are many reasons for this. For example, of all the attractors of a complicated system, some can have 
different types of dynamics (periodic, chaotic, etc.), and one attractor could be more useful for one particular 
system behavior [Chen 1993]. 
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However, the application of the above control methods has several drawbacks. There must be enough data, 
control is applied only when the state of the system is very close to the target state, leading to great transitory 
times closely together before control is activated [Barreto 1995], control is only effective at points adjoining the 
target state and, after a time, the controlled orbit is destabilized due to the accumulated computational error. 
In this article, neural networks are designed to be used as controllers for chaotic dynamic systems, overcoming 
the problems that appear when using other controller types. 
 
Model of Neural Control 
The capacity of neural networks to generalize and adapt efficiently makes them excellent candidates for the 
control of both linear and non-linear dynamic systems. The objective of a neural network-based controller is to 
generate a correct control of the signal to direct the dynamics from the initial state to the final target state. The 
located execution and ease of building a network-based controller depend mainly on the chosen learning 
algorithm, as well as on the architecture used for control. Backpropagation is used as the learning algorithm in 
most designs. 
The objective of this work is to use neural networks as the structure of a generic model for identifying and 
controlling chaotic dynamic systems. The procedure that must be executed to control a chaotic dynamic system is 
shown in Figure 1. 
 
 
 
 
 
 
         NOT ACCEPTED                                                 ACCEPTED 
 
Figure 1: Design procedure of a control model 
 
• Identification of the Chaotic Dynamic System:  
This phase involves identifying the system, describing the fundamental data, the operational region, and pattern 
selection.  
Zn = {[ u(t), y(t) ]/t = 1... N} 
where {u(t)} is the set of inputs, that is, the signal that is to be controlled, {y(t)} represents the output signal, 
t represents the pattern time. If the system in question has more than one input/output, u (t), and (t) are vectors.  
• Selection of the Control Model 
Once the data set has been obtained, the next step is to select a structure for the control model. A set of input 
patterns needs to be chosen, but the architecture of the neural network is also required. After defining the 
structure, the next step is to decide which and how many input patterns are to be used to train the network. 
• Estimated Model 
The next stage is to investigate what steps are necessary to make the control effective and to guarantee the 
convergence of the trajectories towards the target orbit. Control is effective if there is some δ>0 and t0 such that, 
for t > t0, the distance between the trajectory and the stabilized periodic orbit is less than δ. 
• Validated Model 
When training a network, the network has to be evaluated to analyze the final errors. The most common 
validation method is to investigate residuals (error prediction) by means of crossed validations of a set of tests. 
The visual inspection of the prediction graph compared with the target output is probably the most important tool.  
 
DYNAMIC SYSTEM 
IDENTIFICATION 
CONTROL MODEL 
SELECTION 
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Identification of the Chaotic Dynamic System 
The systems that are going to be controlled are nonlinear and chaotic dynamic systems that depend on a system 
of parameters, p. The basic function is: )),(()( ptxF
dt
tdx = , where F: ℜn → ℜn is a continuous function. 
The other type of systems investigated is discrete dynamic systems, represented by an equation of nonlinear 
differences. Such systems are described as a function f: X → X that determines the behavior or evolution of the 
set when time moves forward. The control system inputs are the orbits of the elements. The orbit of x∈X is 
defined as the succession x0, x1, x2...., xn... , achieved by means of the rule: xn+1 = f(xn) with x0 = x 
The points of the orbit obtained are:  
x1 = f(x0) = f(x); x2 = f(x1) = f (f(x)) = f2 (x); x3 = f(x2) = f (f2 (x)) = f3 (x);… xn = f (f (... f (x)...)) = fn (x) n times 
The behavior of the orbits can vary widely, depending on the dynamics of the system. 
The objective is to control the dynamic system in some unstable periodic orbit or limit cycle that is within the 
chaotic attractor. Therefore, the output of the system will be the limit cycle of period-1 or greater in which the 
system must be controlled. To find the outputs, it is necessary to consider that: 
• A point α is an attractor for the function f(x) if there is a neighborhood around α such that the point orbits in 
the neighborhood converge to a. In other words, if the values are near to α, the orbits will converge to α. 
• The simplest attractor is the fixed point. A point α is a fixed point for the function f(x) if f(α) = α.  
• A point α is periodic if a positive integer number τ exists such that fτ (α) = α and ft (α) ≠ α for 0<t<n. The 
integer τ is known as the period of α.  
• If α is a fixed point attractor, the set of initial values x0 whose orbits converge to α form the basin of attraction 
of α. 
The discrete systems that have been controlled are: 
 
Discrete Systems:  
Systems 22: RRf →  are second-order controlled, nonlinear discrete systems. All the trajectories are directed 
towards the stable point )(1 nn xfx =+ , where xn ∈ R2. The chosen systems are the Henon [Martin 1995], Lozi 
[Chen 1992], Ikeda [Casdagli 1989], and Tinkerbell [Nusse 1997] systems. The same type of discrete systems 
are controlled in unstable periodic orbits (limit cycle). The systems used in this case are Ikeda and Tinkerbell. 
Another approach to controlling chaos is the so-called entrainment and migration control methods proposed by 
Jackson [Jackson 1991] and Hübler. Gumowski and Mira’s discrete system is used to achieve migration control. 
This system has several attractors and several bounded convergent regions in the basin of attraction. 
 
  
Figure 2. Ikeda system trajectory and Tinkerbell map 
 
Continuous Systems: Continuous systems 33: RRf →  are controlled in an orbit of period 1, that is, at an 
equilibrium point. We look at Lorenz’s [Gulick 1992] and Rössler’s systems.  
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Figure 3. Lorenz’s Attractor 
 
Rössler’s Attractor 
 
Selection of the Control Model 
The structure of the model has been divided to address two sub-problems: 
− design the network architecture 
− choose the structure of the input patterns 
 
Architecture of the Neural Network 
According to Lippmann [Lippman 1987], a model of neural network is characterized by specifying: 
− The transference function of each node 
− The network topology, which is defined by the number of nodes and the set of interconnections between 
these nodes. 
− The learning rules, which are the rules that regulate how the weights associated with the connections 
are found.  
 
The transference function. The neuron activation function is the sigmoid. 
 
The neural network topology. The neural network employed as the main controller is composed of three layers 
of neurons (input layer, hidden layer and output layer). 
 
Input layer:  
• When control is effected at an equilibrium point, the input layer has two neurons, one for each of the 
variables of the function f that is going to be controlled for the discrete functions 22: RRf → , plus 
three neurons, one for each of the variables of the function f that is going to be controlled for the 
continuous functions 33: RRf → . 
• When control is effected in a limit cycle, the components of the vector are separated from the function 
f, which will be applied first to the first and then to the second component of the function. The input 
layer will have as many neurons as the period of the limit cycle. If control is effected in a limit cycle of 
period 7, the input layer has 7 neurons; if the period is 5, the input layer has 5 neurons. 
 
Output layer: 
• When control is effected at an equilibrium point, the output layer has two or three neurons 
corresponding to the coordinates of the stable point. 
• When control is effected in a limit cycle, the output layer will have as many neurons as the period of 
the limit cycle. If the period of the output layer is 7, it will have 7 neurons that correspond to the first 
coordinates of the period-7 point. 
 
The number of neurons in the hidden layer plays an important role in the learning performance and generalization 
capability of the network: 
International Journal "Information Theories & Applications" Vol.12 
 
 
 
107
• For the discrete functions 22: RRf → , the hidden layer will have one hidden neuron when control 
is effected at an equilibrium point. 
• For the continuous functions 33: RRf → , several simulations have been run in order to ascertain 
how the number of hidden neurons affects the mean square error in finding the stable point. 
The learning rules. The algorithm that is going to be used to adjust the weights is backpropagation, which 
descends according to the gradient that minimizes the error function. 
 
Structure of the input patterns  
Input patterns are necessary to define appropriately it, to avoid one of the biggest problems: trapping in a local 
minimum. The patterns for training the network will be formed by system orbits, obtained starting from a point that 
is within the basin of attraction of the limit cycle chosen for controlling the system. 
 
1. Input Patterns 
The input patterns are obtained by taking a starting point (x0, y0) and finding the time series from the components 
of the function by iterating )(1 nn xfx =+ . The input file is constructed from one point, using 500 patterns to 
search the time series.  
When control is effected in a limit cycle, for example, a period-5 limit cycle, input patterns will be constructed as 
follows. The first pattern will be constructed from a point A= (x0, y0): {x0, f(x0), f 2(x0), f 3(x0), f 4(x0) }, the following 
one from the next five iterations, and so on. 
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Fig. 5. a) Input for the network init point (0.5, 0) b) Input for the network init point (-2.37, 12.83) 
 
Figure 5 shows the network input, that is, the input file consisting of 500 points from the iterative Gumowski and 
Mira function starting from points of different basins of attraction. The number of iterations is 10, and the final 
mean squared error after the learning process is  0.009397477, a good threshold.  
 
2. Output Patterns 
The input pattern is the equilibrium point at which the control function is going to be controlled. 
When control is effected in a limit cycle, for example, a limit cycle of period 5, the output layer will have five 
neurons that correspond to the first coordinates of the period-5 point. If the point is Q = (q1, q2), the output will be 
constructed as {q1, f(q1), f 2(q1), f 3(q1), f 4(q1)}, which is the orbit of period 5. 
 
                              
Fig. 6. 5-period orbits of the Gumowski and Mira function located in different basins of attraction 
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Estimated Model 
Once the control model has been designed, the following steps are taken: 
1. Network weights must be fixed and always have same values to assure deterministic behavior. 
2. An input pattern is presented and the output is calculated. To finish the learning phase of the network, another 
input pattern set is output starting from a point and finding the time series with 500 function patterns. The 
number of iterations to be learned is 10, and the mean square error is acceptable. Therefore, the network has 
found a good solution. 
3. Number of input patterns. The error variance has been studied across the number of input patterns, including 
files with different patterns. However, the error decreases considerably as the number of sweeps increases. 
This is due to the fact that the network is forced to learn the patterns across more iterations. Accordingly, the 
error is approximately the same if the total number of patterns used to train the network ties in. Therefore, if 
there are few data, the number of network iterations in the learning phase needs to be increased for the error 
to be considered acceptable. 
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Figure 7. Real outputs from the Henon system network 
 
Figure 7 a) shows that when the number of iterations increases, then the output of the network will better 
approximate the target output, that is, the stable point 0.648. One of the more important advantages of this 
technique is that the controllers obtained are very stable even with low random dynamic noise or with few data. 
Figure 7 b) shows the behavior of the Henon map with randomly added dynamic noise, controlled at the stable 
point and with 30 iterations in the learning phase. 
 
Validate Model 
Once the learning phase is complete, it is necessary to check if the network is able to control the function at the 
stable point. 
-0.015
-0.01
-0.005
0
0.005
0.01
0.015
450 455 460 465 470 475 480 485 490 495 500
"A"
"B"
 
 
Figure.8. Real outputs of the network of the first component of the controlled Tinkerbell function  
around each point of the period-5 orbit (initial points A and B)  
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The error will be checked for acceptability, because the network needs to be validated with different orbits and the 
outputs and the errors need to be examined. It is also necessary to verify that the control model is robust, that is, 
to study the network errors when there is any sort of noise in the patterns. The fastest way of verifying the 
network output errors is by means of a graph. 
 
Applications 
The control models have been designed according to the previously described neural networks-based procedure 
to control several systems in unstable periodic orbits. Second-order discrete non-linear systems have been 
controlled at an equilibrium point. The chosen systems are the Henon and the Lozi systems [Hernandez 1999]. 
Another discrete system, Ikeda, was controlled [Hernandez 1999] at equilibrium point and a period-5 point, that is, 
in a period-1 and a period-5 limit cycle. The Tinkerbell system [Hernandez 2000] was controlled in period-1, 5, 
and 7 limit cycles. Later, the continuous Lorenz system [Hernandez 2001] was controlled by means of the 
same procedure. 
Also, the same control model has been applied to a dynamic system with multiple attractors, and a controller has 
been designed to transfer and control the orbits of any basin of attraction of the different system attractors at an 
equilibrium point and in a period-5 limit cycle. The chosen system is Gumowski and Mira’s system [Hernandez1 
2001]. Finally, two chaotic signals for both discrete and continuous systems were simultaneously controlled 
[Hernandez 2002], [Hernandez1 2002]. 
 
Conclusions 
The main contributions of this work are:  
− The construction of a controller model that uses a neural network which is very simple to design. 
− The control method is flexible, it can be adapted to any system and can even to control and classify several 
systems simultaneously. 
− The control can be applied to any point of the system, there being no need to wait for the system to approach 
the control target orbit.  
− Control is effective for as long as it is applied, the accumulation of computational errors has no influence, 
whereas, in other methods, it destabilizes the system after a number of iterations. 
− Control is robust, its behavior is satisfactory even in the presence of random dynamic noise and even if there 
are few data, which is very important due to chaotic systems’ sensitivity to initial conditions. 
− The systems use the same model both to control a system with a single attractor in an unstable periodic orbit 
and to control a multi-attractor system in an unstable periodic orbit of any basin of attraction, transferring the 
system dynamics from one attractor to another. 
− The learning speed of the designed control model is high, and few errors are generated. 
The networks used for the control model have supervised learning. Other types of networks, such as associative 
networks, might be investigated. It is also worth looking at the possibility of controlling chaotic systems in which 
attractors are not known by training the network with orbits of the different basins of attraction. 
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